A 2-walk is a closed spanning trail which uses every vertex at most twice. A graph is said to be chordal if each cycle different from a 3-cycle has a chord. We prove that every chordal planar graph G with toughness t(G) > 3 4 has a 2-walk.
This result is the best possible. Another approach to Chvátal's conjecture is to show the existence of weaker substructures than Hamilton cycles. A k-walk of G is a closed walk that visits each vertex of G at least once and at most k times. There is the following easy necessary condition for the existence of a k-walk in a graph G: Every graph containing a k-walk is 1/k-tough.
Jackson and Wormald [8] conjectured that every 1-tough graph has a 2-walk. The conjecture is still open. The best known result is:
Theorem 1.3 ([7]). Every 4-tough graph has a 2-walk.
Motivated by these results, first we state the following conjecture which we find interesting:
Conjecture 1.2. Every 2-tough chordal graph has a 2-walk.
In this paper we prove the following theorem: Theorem 1.4. Every chordal planar graph G with toughness greater 3 4 has a 2-walk.
The best known lower bound on t(G) for 2-connected chordal planar graphs G with a 2-walk is in [6] . The authors found chordal planar graphs with toughness 4/7 having no 2-walk.
Proof of Theorem 1.4
Throughout the rest of the paper, whenever we consider a planar graph G, we always mean a fixed embedding of G into the plane. Such a graph is called a plane graph. A vertex v of a graph G is called a simplicial vertex if the subgraph of G induced by the neighbours of v is complete.
Before proceeding with the proof of the theorem, several useful results about chordal planar graphs are given below. The following theorem is due to Dirac [5] .
Theorem 2.1 ([5]). Every chordal graph G has a simplicial vertex v.
We will also need the following result from [1] .
Theorem 2.2 ([1]). If G is an -connected chordal graph and v is a simplicial vertex in G, then the graph G−v is either -connected or complete.
We will prove Theorem 1.4 by induction. Before we start the induction, we prove the following two useful lemmas. Lemma 2.1 shows that our induction will be well defined, and Lemma 2.2 shows the way the toughness changes during the induction. 
, then x lies in the inner face of the triangle N G i+1 (x) G i+1 . Proof. First we show that there is a sequence G 0 , . . . , G k satisfying the statements (i), (ii), (iii) and (iv-A). By Theorem 2.1, G = G k has at least one simplicial vertex. Let S be the set of all simplicial vertices in G k . By Theorem 2.1, the graph G − S is a chordal graph and there exists a simplicial vertex x in G − S. Let S k−1 be the set of all simplicial vertices in G k adjacent to x. If all the vertices in S k−1 are independent in G k , then we set S k−1 = S k−1 and v k−1 = x. Otherwise there exist in S k−1 two vertices u 1 and u 2 that are adjacent in G k , and we set S k−1 = {u 1 } and v k−1 = u 2 . By Theorem 2.1, the graph G − S k−1 = G k−1 is again chordal, and the vertex v k−1 is simplicial in G k−1 . We can repeat this procedure until we obtain K 3 . If we reverse this procedure we can construct an arbitrary chordal graph from K 3 such that the statements (i), (ii), (iii) and (iv-A) hold.
(B) Suppose that statement (iv-B) holds for every G j , for 1 ≤ j ≤ i. We prove that the statement also holds for G i+1 . If not, then there is a vertex u 2 ∈ S i of degree 3, which lies in the outer face of the triangle
Otherwise, we would get a contradiction with the planarity of G. Let v , v be the neighbours of v i in G i . If u 2 is the only vertex in S i of degree 3 then we can place u 1 into the inner face of the triangle N G i+1 (u i ) G i+1 . There cannot be three vertices of degree 3 in S i , otherwise K 3,3 is a subgraph of G i+1 .
Next assume that there are two vertices of degree 3, namely, u 1 , u 2 ∈ S i+1 . Since u 1 and u 2 are simplicial vertices in
We may assume that u 1 lies in the inner face of the triangle {v i , v , v } G i and u 2 lies in its outer face. We separate the construction step from G i to G i+1 into two steps G i to G i and G i to G i+1 , in such a way that the statement (iv-B) will hold. That is, we define S i = {u 2 } and
Additionally, we define S i+1 = S i \ {u 2 }. We connect vertices from S i+1 with vertices in G i+1 as in G i+1 , but every vertex will be incident with u 1 instead of v i . Now G i+1 ∼ = G i+2 . See Fig. 1 . Let G be a 2-connected chordal planar graph, and let G 0 , . . . , G k and S 0 , . . . , S k−1 be any sequences of graphs and sets, respectively, satisfying the conditions of Lemma 2.1. We say that the sequence (G 0 , . . . , G k ; S 0 , . . . , S k−1 ) is a convenient construction of G and, for any x ∈ S i , i = 0, . . . , k − 1, a vertex v i with the properties given in part (iv-A) of Lemma 2.1 will be said to be a parent of the vertex x, denoted v i = p(x). From Lemma 2.1, it is obvious that every vertex, except vertices in G 0 , has exactly one parent. Furthermore, the vertex v i is the parent of all vertices in S i and there are no other vertices in 
In the rest of the paper we use the following notation: For an arbitrary nonsimplicial vertex u in a graph G i from a convenient construction, we define an integer ϕ(u), 0 ≤ ϕ(u) < k, as the integer such that u is simplicial in G ϕ(u) and is not simplicial in G ϕ(u)+1 (i.e., we added some new simplicial vertices into the neighbourhood of u).
It is clear that for every vertex u from G, except the three vertices in G 0 , the construction step ϕ(p(u)) is exactly the step in which vertex u was added into the graph
Proof. Let G j be a graph from the convenient construction where 0 < j ≤ k. If there is a set of vertices P such that ω(G j − P) < ω(G j−1 − P), then there are two components C 1 , C 2 of G j−1 − P such that both C 1 and C 2 are in the same component of G j − P. We get G j by adding new simplicial vertices to G j−1 . There must be a simplicial vertex v in G j which has two neighbours v 1 , v 2 , such that v 1 ∈ C 1 and v 2 ∈ C 2 . This is a contradiction because v 1 and v 2 are not adjacent, which contradicts the fact that v is a simplicial vertex.
Hence for any subset of vertices P, ω(
The following definitions will be useful in the proof of Theorem 1.4. If a graph G has a 2-walk T , then we can define, for 
) (p(x)) = 2 and in the set S ϕ(p(x)) there are three vertices of degree 3 in the graph G ϕ(p(x))+1 (x is one of them) or (C) e T ϕ(p(x)) (p(x)) = 2 and x
, the number of simplicial vertices of degree 3 with e T i = 2 is maximal. Next we proceed with a crucial lemma. We prove this lemma using a induction and all the properties of a good 2-walk will be needed. In most of the cases we get a 2-walk in G i+1 only by local extensions of a good 2-walk in G i . This would not be possible if we assumed that G i had only a 2-walk. Proof. Since G i is a chordal planar graph with toughness greater than 3 4 , all simplicial vertices in G i have degree 2 or 3. Let v be a simplicial vertex in G i such that all vertices u j ∈ S i are incident with v in G i+1 .
Lemma 2.3. Let G be a chordal planar graph with toughness greater than
, and planarity of
Since e T i (v) = 2, we may assume that v, v
has the structure shown in Fig. 2 . We get T i+1 as follows: we remove from T i the walk v
and replace it with the walk
Clearly the 2-walk T i+1 meets conditions (i), (ii) and (v) of a good 2-walk. Note that p(u 1 ) = p(u 2 ) = v. Since e T i+1 (u 1 ) = e T i+1 (u 2 ) = 2 and m T i+1 (v) = 1, the 2-walk T i+1 also trivially satisfies conditions (iii) and (iv) of a good 2-walk. Hence T i+1 is a good 2-walk in G i+1 (see Fig. 2 ).
has the structure shown in Fig. 2 . We get T i+1 as follows: we remove v
from T i and replace it with v
Clearly, the 2-walk T i+1 meets conditions (i), (ii) and (v) of a good 2-walk. Note that p(
and |S ϕ(v) | = 2, therefore T i+1 meets condition (iv) as well. Hence T i+1 is a good 2-walk in G i+1 (see Fig. 2 ).
Then |S i | = 1, otherwise we would get a contradiction with the toughness of G i+1 . We get a 2-walk T i+1 in a similar way as in Case 1 or 2. Observe that if the vertex u 1 ∈ S i has degree 3 in G i+1 , there always exists a 2-walk T i+1 in G i+1 such that e T i+1 (u 1 ) = 2. Hence, there always exists a good 2-walk T i+1 . Similarly as in Case 1, for every u a = u b from the set
Subcase 4.1. There is at most one vertex u ∈ S i such that {v Let S i = {u 1 }. Note that the vertex u 1 is adjacent in G i+1 to v and one or two vertices in N G i (v).
• u 1 is adjacent to v
Without loss of generality, we may assume that u 1 is adjacent to v
. If not, then change the orientation of T i . We get T i+1 as follows: we remove v
v from T i and we replace it with v
Clearly, T i+1 is a good 2-walk in G i+1 . • u 1 is not adjacent to v
We get T i+1 as follows: we remove v
from T i and we replace it with v
. Observe that e T i+1 (u 1 ) = 1 and m T i+1 (v) = 2. Clearly, the 2-walk T i+1 meets conditions (i), (ii), (iv) and (v) of a good 2-walk.
. Hence e T i (v) = 1 and T i+1 meets condition (iii) as well. . Otherwise, we change the orientation of T i . We distinguish two cases.
• u 2 is adjacent in G i+1 to v
• u 2 is not adjacent to v
We may assume that, if u 2 is adjacent to v . Observe that e T i+1 (u 1 ) = 2, e T i+1 (u 2 ) = 1 and m T i+1 (v) = 2. Clearly, the 2-walk T i+1 meets conditions (i), (ii) and (v) of a good 2-walk.
. Hence e T i (v) = 1 and T i+1 meets condition (iii) of a good 2-walk. Recall that e T i+1 (u 1 ) = 2 and m T i+1 (p(u 1 )) = 2. Now, we distinguish two cases.
. Since the edge v v
Since d G i+1 (u 1 ) = 3 and vertex u 2 is not adjacent to v 
has exactly four components -a contradiction with the toughness of G i+1 . In other words, it means that
Now we can rename the vertices in S i such that v
we may assume that if there is a vertex in S i of degree 2 in G i+1 then it is the vertex u 2 . If e T i (v) = 1, then we rename vertices in such a way that d G i+1 (u 2 ) = 3 if and only if u 2 is not adjacent to v
Now the subgraph N G i+1 (v) G i+1 has the structure shown in Fig. 3 . We get T i+1 as follows: we remove v
and we replace it with v
Clearly, the 2-walk T i+1 meets conditions (i), (ii) and (v) of a good 2-walk. Note that p(u 1 ) = p(u 2 ) = v and e T i+1 (u 2 ) = 1.
Vertex u 2 has degree 3 in G i+1 if and only if either (A) e T i (v) = 1 and u 2 is not adjacent to p 2 (x) = v
Hence the 2-walk T i+1 also satisfies condition (iii) of a good 2-walk. Furthermore, m T i+1 (v) = 2 but d G ϕ(v) (v) = 3 and |S ϕ(v) | = 3, therefore T i+1 meets (iv) as well. Hence T i+1 is a good 2-walk in G i+1 (see Fig. 3 ). Note that we proved a slightly stronger statement. One vertex, let us say u 2 , from S i has e T i+1 (u 2 ) = 1. If e T i (v) = 2 and all the vertices in S i have degree 3 in G i+1 , then we can choose the vertex u 2 from S i arbitrarily. Hence we can get three different good 2-walks in G i+1 . Since we use this observation later, we state it as a claim. 
Claim 2.1. Under the assumption of Subcase 4.1.3, if e T i (v) = 2 and d
If not, then for the set X = {v} ∪ N G i (v) \ {v } we have |X| = 3 and the graph G i+1 − X has exactly four components -a contradiction with the toughness of G i+1 . The subgraph N G i+1 (v) G i+1 has the structure shown in Fig. 5 (up to a symmetry) .
is in the 2-walk T i in G i .
Suppose to the contrary that m T i (p(v)) = 2 and v
Due to the properties of a good 2-walk T i (property (iv)),
we have the following cases:
∪ {v}, then |X| = 4 and the graph G i+1 − X has at least six components, namely, four isolated vertices from S i , one component with the other vertex from S ϕ(p(v)) and the rest of the graph. This contradicts the toughness of
, then the graph G i+1 − X has at least seven components, namely, four isolated vertices from S i , two components each containing a vertex from S ϕ(p(v)) different from v, and the rest of the graph. This contradicts the toughness of G i+1 . •
}, then |X| = 6 and the graph G − X has at least nine components, namely, four isolated vertices from S i , four components each containing a vertex from S ϕ(v ) , and the rest of the graph. This contradicts the toughness of G i+1 .
-
∪ {v}, then |X| = 4 and the graph G − X has at least six components, namely, four isolated vertices from S i , one component with v and the rest of the graph. This contradicts the toughness of G.
is in the 2-walk T i in G i . We obtain a good 2-walk T i+1 as follows:
(see the property of a good 2-walk (ii)). We label vertices in S i such that, if there is a vertex of degree 2 adjacent to v
in G i+1 , then we name this vertex u 1 , and then we rename the rest of S i such that v
∈ N G i+1 (u 4 ) and u 3 is the remaining vertex. We may assume that
If there is no vertex of degree 2 adjacent to v
in G i+1 , then we take an arbitrary vertex from S i of degree 3 in G i+1 , which is incident with v
in G i+1 , and we label this vertex u 1 . Rename the rest of S i such that v
and u 3 is the remaining vertex. Note that the degree of u 3 is 2 in G i+1 .
We get T i+1 as follows : we remove v
Since |S i | = 4, T i+1 meets conditions (i), (ii) and (v) of a good 2-walk. Note that p(
is a good 2-walk in G i+1 .
• If m T i (p(v)) = 2 and the edge v
is in the 2-walk T i in G i , then we have the following cases:
, then we relabel vertices in S i in the following way: (u 4 ) and u 3 is the remaining vertex. Clearly, the degree of u 1 is 3 in G i+1 and we may assume that d G i+1 (u 3 ) = 2. We obtain T i+1 as follows: we remove v 
Therefore the 2-walk T i+1 satisfies condition (iii) of a good 2-walk. Hence T i+1 is a good 2-walk in G i+1 . 
. We obtain T i+1 as follows: we remove v • There is a vertex u 1 ∈ S i of degree 2 in G i+1 adjacent to v 
• There is no such vertex (i.e., vertex from S i of degree 2 in G i+1 and adjacent to v
See that, there are two vertices, let us say u 1 , u 2 ∈ S i , adjacent to v
Clearly, either e T i+1 (u 1 ) = 1 and e T i+1 (u 2 ) = 2, or e T i+1 (u 1 ) = 2 and e T i+1 (u 2 ) = 1. Hence we can get two different good 2-walks in G i+1 . We also use this observation later.
Claim 2.3. Under the assumption of Subcase 5.1, if m T i (p(v)) = 1 and there is no vertex of degree 2 in G i+1 from S i adjacent to v
Then there exist two different good 2-walks T i+1 and T i+1 in G i+1 such that e T i+1 (u 1 ) = 1 and e T i+1 (u 2 ) = 1. Proof. Suppose, to the contrary, that for every good 2-walk T i from We T i (v) = 1. In the graph G 0 , any vertex x has e T 0 (x) = 2.
Thus there is an integer k such that the vertex p k (v) exists and satisfies
Suppose that the good 2-walk T i ∈ W is chosen such that the integer k is the smallest possible.
Denote the vertices p j (v) as w j , denote the graphs G ϕ(p j (v)) as G j , denote the sets S ϕ(p j (v)) as S j , and denote the walks T ϕ(p j (v)) as T j , for j = {1, . . . , k}.
Due to property (iii) of a good 2-walk, we have: Note that the graph G − {v , w k , x 3 } has four components, namely two isolated vertices from the set S , one isolated vertex from the set S k and the rest of the graph -a contradiction with the toughness assumption (see Fig. 10 ). Hence, we cannot obtain a critical path ending at the vertex w k . Therefore, for the good 2-walk T * 
